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SECTION A – K1 (CO1) 

 Answer ALL the questions                                                                                                         (5 x 1 = 5) 

1 Answer the following                                                                                                           

a) Define a first-order initial value differential equation and give an example. 

b) When do you say that two functions 𝑥1(𝑡) and  𝑥2(𝑡) are linearly dependent? 

c) Describe the systems of first-order equations. 

d) State the orthogonal property of Legendre polynomials. 

e) Provide an example of an oscillatory equation with an explanation.  

SECTION A – K2 (CO1) 

 Answer ALL the questions                                                                                                         (5 x 1 = 5) 

2 MCQ                                                                                                               

a) Which of the following is the linear differential equation? 

(i) 𝑥′ + |𝑘|𝑥 = 0      (ii)  𝑥′ + 𝑘|𝑥| = 0         (iii)  𝑥′ + 𝑘𝑥2 = 0        (iv) (𝑥′)2 + 𝑘𝑥 = 0 

b) The Picard iteration formula is based on which fundamental mathematical concept? 

(i) Taylor series expansion                             (ii) Newton's method                                                   

(iii) Integral equation                                     (iv) Finite difference method 

c) A linear equation 𝑥′′′ − 6𝑥′′ + 10𝑥′ − 6𝑥 = 0 is transformed to a linear system 𝑥′ = 𝐴𝑥, find A.  

(i) [
0 1 0
0 0 1
6 10 6

]    (ii) [
0 1 0
0 0 1

−6 10 −6
]      (iii) [

0 1 0
0 0 1
6 −10 6

]      (iv) [
0 1 0
0 0 1

−6 −10 −6
] 

 

d) The recurrence relation for Bessel functions 𝐽𝑝(𝑡) is: 

(i)  𝐽𝑝+1(𝑡) =
2𝑝

𝑡
𝐽𝑝(𝑡) − 𝐽𝑝−1(𝑡)           (ii) 𝐽𝑝+1(𝑡) = 𝐽𝑝(𝑡) − 𝐽𝑝−1(𝑡)                                                (iii) 

𝐽𝑝+1(𝑡) =
𝑡

2𝑝
𝐽𝑝(𝑡) + 𝐽𝑝−1(𝑡)          (iv) 𝐽𝑝+1(𝑡) = 𝐽𝑝(𝑡) + 𝐽𝑝−1(𝑡) 

 

e) Sturm's comparison theorem is primarily used to compare: 

(i) The growth rates of two functions     

(ii) The number of zeros of solutions to two differential equations 

(iii) The stability of two solutions  

(iv) The boundary conditions of two differential equations 

 

 

 



2 

 

 

 

SECTION B – K3 (CO2) 

  Answer any THREE of the following                                                                          (3 x 10 = 30) 

3 Use the method of variation of parameters to find the solution of 𝑥′ + 𝑎(𝑡)𝑥 = 𝑏(𝑡) where a and b are 

known continuous function defined on the interval I. 

4 If the Wronskian of two functions 𝑥1 and 𝑥2 on I is non-zero for at least one point of I, show that 𝑥1 and 

𝑥2 are linearly independent. Apply this for the case  𝑥1 = 𝑠𝑖𝑛𝑡, 𝑥2 = 𝑐𝑜𝑠𝑡,  𝐼 = ℝ, 

5 

Show that Φ(t) = [
𝑒−3𝑡 𝑡𝑒−3𝑡 𝑡2𝑒−3𝑡/2

0 𝑒−3𝑡 𝑡𝑒−3𝑡

0 0 𝑒−3𝑡

] is a fundamental matrix for a linear system 𝑥′ = 𝐴(𝑡)𝑥 

where 𝑥 = [

𝑥1

𝑥2

𝑥3

], 𝐴 = [
−3 1 0
0 −3 1
0 0 −3

]. 

6 
Using Bessel’s function, show that 𝑒(

𝑡

2
(𝑥−

1

𝑥
)) = ∑ 𝐽𝑛(𝑡)𝑥𝑛.∞

𝑛=−∞  

7 Let 𝑟1, 𝑟2 and p be continuous functions on (𝑎, 𝑏) and 𝑝 > 0. Assume that x and y are real solutions of 

(𝑝𝑥′)′ + 𝑟1𝑥 = 0 and (𝑝𝑦′)′ + 𝑟2𝑦 = 0 respectively on (𝑎, 𝑏). If 𝑟2(𝑡) ≥ 𝑟1(𝑡) for 𝑡 ∈ (𝑎, 𝑏), show that 

between any two consecutive zeros 𝑡1, 𝑡2 of x in (𝑎, 𝑏), there exists at least one zero of y in [𝑡1, 𝑡2]. What 

happens when 𝑟1 = 𝑟2? 

SECTION C – K4 (CO3) 

 Answer any TWO of the following                                                                         (2 x 12.5 = 25) 

8 Analyze the general criteria for ensuring the Lipschitz condition and illustrate with examples. 

9 Let 𝑏1, 𝑏2, … , 𝑏𝑛: 𝐼 → ℝ be continuous functions in the n-th order homogeneous differential equation 

𝐿(𝑥(𝑡)) = 0. Let 𝜑1, 𝜑2, … , 𝜑𝑛 be n linearly independent solutions of 𝐿(𝑥(𝑡)) = 0 on I. Derive the 

formula to the Wronskian of 𝜑1, 𝜑2, … , 𝜑𝑛. 
10 Determine the two linearly independent solution of 𝑥′′ − 2𝑡𝑥′ + 2𝑥 = 0. 

11 Explain the Hille-Wintner comparison theorem. 

SECTION D – K5 (CO4) 

 Answer any ONE of the following                                                                              (1 x 15 = 15) 

12  Consider two types of living organisms that both rely on the same food source for survival. Formulate a 

mathematical model to describe this situation, and explain how the model could be used to predict the 

potential extinction of a particular species based on initial population sizes. 

13 Let 𝑥′ = 𝐴(𝑡)𝑥 be a linear system where 𝐴: 𝐼 → 𝑀𝑛(𝑅) is continuous. Suppose a matrix Φ satisfies the 

system, determine (det Φ)′ and discuss that Φ is a fundamental matrix if and only if det Φ ≠ 0. 

SECTION E – K6 (CO5) 

 Answer any ONE of the following                                                                              (1 x 20 = 20) 

14 Discuss the conditions for the existence of a unique solution for the first-order initial value problem 𝑥′ =
𝑓(𝑡, 𝑥), 𝑥(𝑡0) = 𝑥0. 

15 Derive the solution of the Legendre equation (1 − 𝑡2)𝑥′′ − 2𝑡𝑥′ + 𝑝(𝑝 + 1)𝑥 = 0 and determine the 

Legendre polynomial 
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